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1. This is a closed book exam. No notes allowed.

INSTRUCTIONS

2. Faculty Standard Calculators and Translation Dictionaries are permitted.

3. Before you begin, please take a couple of minutes to scan the problems. (Please inform the
invigilator if the booklet is defective.)

4. You are expected to show all your work. All solutions are to be written on the page where
the problem is printed. You may continue your solutions on the facing page. If that space is
exhausted you may continue on the blank pages at the end, clearly indicating any continuation

on the page where the question is printed.

This exam comprises the cover page, eight pages of questions numbered 2 to 9, five blank pages
numbered 11 to 15, and the Table of Laplace Transforms.

Problem | 1 2 3 4 5 6 7 8 Total
Mark
Out of 11 11 10 14 14 15 14 11 100




MATH 263 Final Exam Page 2 April 23, 2012

1. (9 points) Consider the following ODE:
y+ (2zy —e Y)Y =0.

(a) Determine whether or not it is an exact equation. If it is not, then find an integrating factor
for the equation.

(b) Find the general solution of the equation.

Solution:

(a) It is not exact equation; it has the integrating factor

(b) The general solution is
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2. (9 points) Consider the differential equation

(z—y)y' — 3z —y) =0.

(a) Find the general solution of the above equation.

(b) Solve the IVP of the above equation with the initial condition y(1) = yo > 0.

Solution: Let u = y/x.

, 3—u 3—2utu? (u—1)2+2
1—u 1—u 1—u

u—1 1

1
§1n|(u—1)2—|—2\:—1n]x\+0

So that

we have the solution:
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3. (10 points)
(a) Write down an annihilator Q(D) for e® sin v/3x.

(b) Find the general solution to

Y + 6y + 20y = 8¢ sin V/3x.

Solution:
(a) QD)=(D—-1)24+3=D%-2D+4=(D—1—+/3i)(D —1+/3i).

(b) The characteristic polynomial for the homogeneous equation is P(r) = r? + 6r + 20 which has
roots —3 £ /114, which gives the solution for the homogeneous part to be Ae™3%sin\/11z +
Be™3 cos v/ 11z. Now solving Q(D)(y,) = 0 gives

yp = ae® sin v/3x + be® cos V3
yp, = (a — V3b)e” sin V3z + (v3a + b)e” cos 3z
Yy = (—2a — 2v/3b)e” sin V/3z + (2v/3a — 2b)e” cos V3.
Thus
Yy + 6y, + 20y, = (24a — 8v/3b)e” sin V3z + (8v/3a + 24b)e” cos V3w

so we need

24a —8vV/3b=8 and 8v3a+24b=0
which gives a = 1/4, b = v/3/12. Thus the general solution is

1 1
y = Ae 3% sin 11z + Be 3 cos 11z + Zex sin v/3z — mex cos V3.
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4.(14 points) Note that y = z + 1 is a solution to the homogeneous equation

<m+1>2 /! !
Al By Dy —y=0 0.
@12 +@+1)y' —y=0, z>

By the reduction of order method, or otherwise, find the general solution to the inhomogeneous

equation:

(z+1)? , ’ (z+1)°
oro) Dy —y=-—""0 20
m(x—|—2)y ety —y x(z + 2) v

Solution: For the reduction of order method we try y = (z + 1)C(z). This gives

y=(z+1)C
y =C+ (x+1)C
y'=2C"+ (z+1)C"

and substituting back into the (inhomogeneous) equation we get

(x+1)3 " T 2 2 /:($+1)3
x(x+2)0 @+l <m(x+2)+1>c z(x +2)

SO

" 1 /I
C"+ 72+ a(@+2)0" =

which simplifies to

1
C”+<x+1+)C’:1.
r+1

We now use the integrating factor e@+D?*/2+In(@+1) — (1 4 1)e(@+1*/2; our equation becomes

di((a: + 1)@t 207 = (2 + 1)1/
X

SO
(x4 1)@t /20! = @+12/2 4 )

Then €' = (2 + 1) 4 er(w+ 1) te G2 50 O = In(z 4+ 1) + ¢1 [(z + 1) Le  EHD* 24z 4 ¢y,
which gives the solution

y=colz+1)+c /(a: + 1) Lem @D 200 4 (2 + 1) In(z + 1).
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5. (10 points) Recall that coshz = (e* +e~*)/2. Compute the Laplace transform of the following
functions f(t):

(a)
f(t) =tcoshat, (a>0);
(b) ( /4)
ot 0<t<m/4);
F) = { el + cos(t — w/4), (t = m/4).
Solution:
f(t) =e' +g(t)
where ( /4)
0, 0<t<m/4);
g(t) = { cos(t — m/4), (t > m/4).
So,

g(t) = g a(t) cos(t — m/4).
Lf(t)] = L[e'] + L[uxa(t) cos(t — m/4)]
1
1

+ e ™/4L[cost] = L+ e‘““ﬁ.

= 5=
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6. (14 points) Solve the following initial value problem:
y W 45y 4y =1— ur(t), y(0)=1y'(0)=19"(0)=y"(0)=0
where
0 t<m,
uﬂ(t):{ 1 t>m.

Solution:
y(t) = h(t) —ur(t)h(t — ), h(t) = (3 —4cost+ cos2t)/12.
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7.(12 points) Consider the ODE

1 3
y" ——y—fy 0, z>0.

One of the non-zero solutions to this equation can be written in the form
5/2 Z TZ + 1 2"
(n+q)! 7
for some positive integers ¢, p and g. Determine ¢, p and gq.

Solution: There are a few ways of doing this, but here is my favourite (which uses theory from
the course). The indicial equation is

F(ry=r(r—1)—r/2=1%—3r/2
which has roots 3/2 and 0. Clearly we are interested in the root 3/2. This gives us the recurrence

3an,-1  3ap-1 1245 1(n+1)
(n+3/2)2-3(n+3/2)/2 n(n+3/2) n@2n+3)2n+2)

Ay —

By repeated application of this recurrence (or induction) we get

o 12Mag(n+ 1)
" (2n+3)1/6

To complete the question we may take ag = 1/6, so A =12 and P(n) = 2n + 3.

Students can be given marks for recognising that this is Frobenius territory, for finding the roots
of the indicial equation, and then for getting the correct recurrence relation. If, on the other hand,
they try to do things by hand by direct substitution into the equation, they are likely to either
make a complete mess of things (very few marks) or get the correct solution (full marks).
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8.(12 points) Consider the ODE
v +(@x—1y=hz, 0<z<2, y(1)=y(1)=0.
By substituting

[e%S)
Y= Zan('x - 1)71’
n=0

find a recurrence relation for a,3 in terms of a,,. Calculate as, a4 and as.

Solution:
o0
Yy = Z an(z —1)"
n=0
(o0 o @]
Y = nap(z— 1" =3 (n+ Dappa(z —1)"
n=0 n=0
0.) [o.¢]
Y = (4 Dapae — 1" = 3 (0 +1)(n+ 2ansalz — 1)"
n=0 n=0
and
= (1t
Inz = —t(x - 1™
nw ; o (x—1)

Thus we need

o) [e.e]

n n — (_1)n+1 n
Y (4D +ansae — D"+ ) apa(z—1)" =) (@ —n

This gives as = 0 and
(_1)n+1
(n+1)(n+2)ant2 + an-1 =

which translates to

(=1)"

n+1"

Now, from the initial conditions, we must have ap = a; = 0. So a3 = 1/6, a4 =
as — 1/60

(n+2)(n+3)ants + an =

~1/24 and
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9.(10 points) Consider the IVP specified by the following system of equations:

((11—1( = Ax, x(0)=(1, 1,O)T,
where
11 1
A=12 1 -1
0 -1 1

(a) Find the eigenvalues and eigenvectors of the matrix A.

(b) Use the method of eigenvalues and eigenvectors to find the general solution of the system.

(c¢) Give the solution for the IVP.

Solution: The general solution:

x = c1e7[=3,4,2]T + cpe?[0,1, 1] + C3e2f{[0, 1,17 + [1,0, 1}T}

with IC: x(0) = [1,1,0]T, we have

We derive
C1 :0,02 = 1,03 =1.

x = 20,1, ~1)7 + th{[o, 1,17t + [1,0, 1]T} = e2[1,1,0]7 + te?[0,1, ~1]7.
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Continuation of problem number [
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Continuation of problem number [
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Continuation of problem number [

You MUST refer to this continuation page on the page where the problem is printed!!
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Continuation of problem number[]

You MUST refer to this continuation page on the page where the problem is printed!!
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Continuation of problem number[]

You MUST refer to this continuation page on the page where the problem is printed!!



